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1 Abstract Integration

1. Exercise. Does there exist an infinite o-algebra which has only countably many members?

Solution. The answer is no. Let X be a measurable set with an infinite o-algebra 91. Since 9 is
infinite, there exists nonempty E € 91 properly contained in X. Both E and E° are measurable
spaces in a natural way. Let Fy = {F,E°}. Then either E or E° contains a measurable E’
properly contained in it. If not, then every other measurable set of X must intersect both F and
E€ nontrivially, but then we could take E’ to be one of these intersections. So assume without
loss of generality that E' C E, and put F; = {E', E'\ E’, E°}. Continue in this way, so that F,
is a set of size n measurable sets whose disjoint union is X. Then let F' be the set of measurable
sets E such that F appears in all F;, for sufficiently large n. Note that this is well-defined since
at each step we only partition one measurable set of F}, at a time. Then F), gives X as a disjoint
union of countably infinite many nonempty measurable sets. At the very least, 9t needs to
contain every union of such sets, and this is in bijection with the set of subsets of N, which is
uncountable. Thus, 99t must be uncountable. O

2. Exercise. Prove an analogue of Theorem 1.8 for n functions.

Solution. We need to prove the following: if wuq,...,u, are real measurable functions on
a measurable space X, and ® is a continuous map of R” into a topological space Y, then
h(z) = ®(u1(x),...,uy(x)) is a measurable function from X to Y.

Define f: X — R" by z — (u1(x),...,us(x)). By Theorem 1.7(b), to prove that h is measurable,
it is enough to prove that f is measurable. If R is any open rectangle in R™ which is the Cartesian
product of n segments Iy, ..., I,, then f~(R) = u;'(I1) N ---Nu;*(I,), which is measurable
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1 ABSTRACT INTEGRATION 2

since u1,...,u, is measurable. Finally, every open set of R” is the countable union of such
rectangles, so we are done. O

3. Exercise. Prove that if f is a real function on a measurable space X such that {z | f(z) > r}
is measurable for every rational r, then f is measurable.

Solution. Let U C R! be an open set. First, U can be written as a union of countably
many open balls with rational radii that are centered at rational points. So to prove that
f~Y(U) is measurable, it is enough to prove this when U is an open ball of this form, say
with radius r and center c. Since the set of measurable sets is closed under complements and
finite intersections, every set of the form {z | r1 > f(z) > r2} is measurable for rational
r1,r2. Now note that {x | ¢+ r > f(z) > ¢ —r} can be written as the countable union
U,si{z | c+r> f(z) > c—r+1/n},so f~1(U) is measurable. O

4. Exercise. Let {a,} and {b,} be sequences in [—00, 00|, and prove the following assertions:

(a) limsup(—a,) = — liminf a,.

(b) limsup(a, + by) < limsup a,, + limsup b,

n—oo n—oo n—oo
provided none of the sums is of the form oo — oco.

(c) If a,, < by, for all n, then

lim inf a,, < liminf b,.
n—oo n—oo

Show by an example that strict inequality can hold in (b).
Solution. The supremum Ay, of the set {—ay, —ag41, ...} is the negative of the infimum A) of
the set {ax, ag11,...}. Hence infi{A;} = —sup,{A,}, which implies (a).

The relation

sup{ar + bg, ag+1 + bgs1, ...} < sup{ag, aky1, ...} +sup{bg,brr1,...}
is clear, so this implies (b). To see that the inequality in (b) can be strict, consider a; = 1, a; =0
fori > 1,and by = —1, b; = 0 fori > 1. Then lim sup(a,+b,) = 0, but lim sup a,,+limsup b,, = 1.
Now suppose that a,, < b, for all n. Then inf{a,ar11,...} <inf{bg, bgi1,...} for all k, so (c)
follows. O

5. Exercise.

(a) Suppose f: X — [—00,00] and g: X — [—00, 00] are measurable. Prove that the sets

{z] fz) <g(@)}, {z]f(z)=9(z)}

are measurable.

(b) Prove the set of points at which a sequence of measurable real-valued functions converges
(to a finite limit) is measurable.

Solution. First note that f(x) — g(z) is a measurable function. The first set of (a) is the
preimage of the open set [—o0, 0], so is measurable. Also, the set where f and g agree is the
complement of where f(x) — g(x) # 0, which is measurable.

As for (b), let f,, be a sequence of measurable real functions, and let E be the set of = such that
fn(x) converges as n — oo. Define f = limsup f,. Then f is measurable (Theorem 1.14), and
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f agrees with lim f,, on E. For each n, the function f — f,, is measurable (1.22), so the set E,, ,
which is defined to be the preimage of f — f,, of (—r,r) is measurable. Then E = (72, s, Enr,
so is measurable. O

6. Exercise. Let X be an uncountable set, let 9T be the collection of all sets £ C X such that
either E or E€ is at most countable, and define u(E) = 0 in the first case, u(E) = 1 in the second.
Prove that 901 is a g-algebra in X and that u is a measure on 9. Describe the corresponding
measurable functions and their integrals.

Solution. Since X¢ = & is at most countable, X € 9. Also, if £ € 9, then either E or
E€ is at most countable, so the same is true for E° since (E°)¢ = E, and so E¢ € M. Now
suppose E, € M for all n, and put £ = J,,~; En. Let I be the set of n for which F,, is at most
countable, and let J be the set of n for which FE,, is uncountable, but EY is at most countable,
so that ' = J,,c; En UU,cs En. If J = &, then E is a countable union of countable sets, and
hence is countable. Otherwise, E¢ = c; £y, N[ ,cs En, s0 B¢ C (), c; Ef;, which is countable
since J # @, so E € M. Thus, M is a o-algebra.

Now write a measurable set A as a disjoint union of measurable sets A,. If A is at most
countable, then so is each A,, so u(A) = > u(A,) = 0. In case A° is at most countable,
then A is uncountable, so at least one A; is uncountable. Suppose that A; and A; are both
uncountable for ¢ # j. Then A7 U Af is countable and equal to X since A; and A; are disjoint.
But this contradicts that X is uncountable, so exactly one A; is uncountable, which means that
w(A) => u(A,) =1. Hence p is a measure on 9.

The measurable functions on 9t consist of those functions f: X — R! such that for each r € R!,
f7Y(r) is either at most countable, or f~1(R!\ {r}) is at most countable. If we let A C R!
denote the set of points such that f~'(r) is not countable, then the integral of fis > c 7. O

7. Exercise. Suppose f,: X — [0,00] is measurable for n = 1,2,3,...; f1 > fo > f3 > --- >0,
fn(z) — f(x) as n — oo, for every x € X, and f; € L'(u). Prove that then

lim fndu=/ fdu
n—oo X X

and show that this conclusion does not follow if the condition “f; € L'(u1)” is omitted.

Solution. If we first assume that fi(z) < oo for all z, then the conclusion is a consequence of
Lebesgue’s dominated convergence theorem (Theorem 1.34) using g(z) = fi(z) since fi(z) >
fn(x) > 0 implies that fi(x) > |fn(z)|. Otherwise, let E = {z € X | fi(z) = co}. If u(E) > 0,
then [y |fi|dp = oo, which contradicts f; € L'(u). So we conclude that p(FE) = 0, in which
case, we can ignore F when integrating over X, and we are back to the above discussion.

Now suppose that f; € L'(x) no longer holds. Take X = R!, and u(E) is the length of E. Then
define f,(x) = oo for € [0,1/n], and 0 elsewhere, so that f, — 0. Then [y f, du = oo for all
n, but [, 0du = 0. O

8. Exercise. Put f, = xg if nis odd, f, = 1 — xg if n is even. What is the relevance of this
example to Fatou’s lemma?

Solution. This is an example where

n—

/(hmlnffn dp < hmlnf/ fndp,
X (o0}
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provided that p(E) > 0 and pu(X \ E) > 0. To see this, first note that liminf f,,(x) = 0 for
all z € X because f,(E) = 1 for n odd, f,(E) = 0 for n even, and f,(X \ E) = 0 for n
odd, fn(X \ E) =1 for n even. So the integral on the left-hand side is 0. On the other hand,
Jx fndp = p(E) if nis odd, and [y f, dp = p(X \ E) if n is even. Hence the right-hand side is
min(p(E), w(X \ E)) > 0. O

Exercise. Suppose pu is a positive measure on X, f: X — [0,00] is measurable, fX fdu =c,
where 0 < ¢ < 00, and « is a constant. Prove that

o f0<a<l,
lim [ nlog(l+4 (f/n)*)du=<(c ifa=1,
n—oo

0 ifl<a<oo.

Solution. If a = 1, then the integrand approaches f as n — oo, so the limit is ¢ in this case.
Now note that n®log(1 4 (f/n)®) — /" as n — oco. If & > 1, then the limit is 0 since n®~!
approaches oo as n — co. If 0 < a < 1, then the limit is integrand approaches oo since n® !
as n — 0o. Hence by Fatou’s lemma, the limit of the integral is also infinite. O

— 0

Exercise. Suppose p(X) < oo, {fn} is a sequence of bounded complex measurable functions
on X, and f,, — f uniformly on X. Prove that

n—o0o

lim fndM:/ [ dp,
X X

and show that the hypothesis “u(X) < 0c0” cannot be omitted.

Solution. Since f,, — f uniformly, there exists N such that n > N implies that | f,,(z) — f(z)| <
1 for all z € X. Then since {fi,..., fnv—1} is finite and consists of bounded sets, we can take C' to
be the largest absolute value any of them obtains, and let C’ be the maximum of the largest value
of | f(z)£1] and C. Then C’ > |f, ()| for all n, and C" € L* (i) because [, C'dp = C'u(X) < oo.
So by Theorem 1.34,
lim fndy = / fdp.

X X

n—oo

To see that p(X) < oo is necessary, let X = R! with the usual measure. Define f, to be
the constant function 1/n. Then f, — 0 uniformly, but the [ x Jandp = oo for all n, while

fX 0dp = 0, so the equality does not hold. O
Exercise. Show that
oo o0
A= U EBx
n=1k=n

in Theorem 1.41, and hence prove the theorem without any reference to integration.

Solution. Denote the right-hand side by B. Recall that A is the set of all z which lie in
infinitely many Ej. Pick x € A. Then = € |J,—, Ex for all k, so x € B. If x ¢ A, then x is
contained in finitely many Ex, say {E;,,..., B, } with iy <--- <i,. So 2z ¢ J;Z; .| Ex, which
means x ¢ B, and hence A = B.

Now set B, = Up—,, Ex- Then pu(Bi) < oo by assumption, and By D By D ---. By Theo-
rem 1.19(e), pu(By,) — p(B) as n — oo. Since p(By,) < > 72 pu(Ey), and the bounding sum
approaches 0 as n — oo, we get that u(B) = 0. ]
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13. Exercise. Show that Proposition 1.24(c) is also true for ¢ = oc.

Solution. We wish to prove that if f > 0, then

/EOOfdM=OO/Efdu-

Let F' be the set where f is nonzero. Then F' is measurable, being the preimage of an open set,
and we can integrate over F' instead of E and get the same result since oo - 0 is defined to be 0.
Then the integral over F' is co on both sides of the above equation, so we are done. O

2 Positive Borel Measures

1. Exercise. Let {f,} be a sequence of real nonnegative functions on R!, and consider the following
four statements:

a) If fi and fy are upper semicontinuous, then f; + fo is upper semicontinuous.

(a)
(b)
(¢)
) o0

(d) If each f, is lower semicontinuous, then ) °° , f, is lower semicontinuous.

If fi1 and f5 are lower semicontinuous, then f; + fo is lower semicontinuous.

If each f, is upper semicontinuous, then » 7, f, is upper semicontinuous.

Show that three of these are true and that one is false. What happens if the word “nonnegative”
is omitted? Is the truth of the statements affected if R! is replaced by a general topological
space?

Solution. First suppose that f; and fo are upper semicontinuous. The set {z € R!' | fi(z) +
fa(z) < a} is the union of the sets {z € R | fi(z) < B} N{z € R' | fa(z) < a — B} where
we range over all § < a. Hence this set is open, so f1 + fo is upper semicontinuous. If both f;
and fo are instead lower semicontinuous, then an analogous argument shows that fi + fo is also
lower semicontinuous. We have not used that the functions are nonnegative here, nor have we
used that f; and f» are defined on R!.

Now suppose that we have a sequence {f,} of lower semicontinuous functions. Then the set
{z € R' | 3 fu(x) > a} is a union of the sets |J,~,{z € R! | fu(z) > ay,} where 3" oy, > a,
and hence is open, so > f, is lower semicontinuous. Note that again have not used the fact that
the f, are nonnegative, nor have we used that they are defined on R'.

However, (c) is a false statement. Define fi(x) = 0 on (—1,1) and f;(x) = 1 on the rest of R!.

For n > 1, define f,(z) =1 on {1 1 } Ul—-1o —%] and 0 elsewhere. Then each f, is upper

n’ n—1 n—1’
semicontinuous since the set of = such that f,(z) = 0 is open. However, > f,, is 0 at 0 and
greater than 0 elsewhere, so is not upper semicontinuous. O

2. Exercise. Let f be an arbitrary complex function on R!, and define

p(x,0) = sup{|f(s) = f(O)| | 5,1 € (x — 0,z +0)},
p(x) = inf{p(z,0) | § > 0}.
Prove that ¢ is upper semicontinuous, that f is continuous at a point z if and only if p(z) = 0,
and hence that the set of points of continuity of an arbitrary complex function is a Gj.

Formulate and prove an analogous statement for general topological spaces in place of R!.
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Solution. We formulate the general statement and prove that. Let X be a topological space,
let f: X — C be an arbitrary function, and define

o) = inf sup{|f(s) = F(O)] | 5.t € U,

where U ranges over open sets containing x. Then ¢ is upper semicontinuous and f is continuous
at x if and only if ¢(x) = 0.

Pick a real number «, and consider the set £ = {z € X | ¢(x) < a}. Pick x € E and € > 0 such
that ¢(z)+e < a. Then there exists an open set U > z such that sup{|f(s)—f(t)| | s,t € U} < a.
In particular, this means that for every t € U, ¢(t) < a. So E is open, and hence ¢ is upper
semicontinuous.

Now suppose that f is continuous at x. Then for every € > 0, there is a neighborhood U; > =
such that f(U:) C B:(f(x)), where B:(f(z)) denotes the ball of radius € around f(z). In
particular, this means that ¢(z) < €, so we conclude that ¢(z) = 0. Conversely, suppose that
o(z) = 0. To show that f is continuous at z, it is enough to show that for every ¢ > 0, there is
an open set U. 5 z such that f(U.) C B:(f(x)), but this is clear from the definition.

We conclude that the set of points for which f is continuous is a G since it is in the countable

intersection of open sets (5o En where Ej, = {z € X | ¢(z) < 1/n}. O

3. Exercise. Let X be a metric space, with metric p. For any nonempty £ C X, define

pe(r) =inf{p(z,y) |y € E}.

Show that pg is uniformly continuous function on X. If A and B are disjoint nonempty closed
subsets of X, examine the relevance of the function

flay = LA

pa(x) + pp(x)
to Urysohn’s lemma.
Solution. Pick ¢ > 0, and put § = /2. We claim that if p(z,y) < d, then |pg(z) — pr(y)| < e
for all z,y € X. We can find z € E such that p(y, z) < pe(y) + d by definition of pg. Then

p(x,y) + pe(y) +6 > p(x,y), +p(y, 2) > p(z,2) > pE(T),
p(z,y) + 0 > pp(x) — pE(Y).

By symmetry, we conclude that

p(x,y) + 0> |pe(x) — pe(Y)l-
But the left-hand side is less than €, so we have established that pg is a uniformly continuous
function on X.

Now let A and B be disjoint nonempty closed subsets of X, and consider f as defined above.
Then f(x) = 1forx € B, f(z) = 0forz € A, and f(x) < 1on X\(AUB). Then xp < f < xx\4,
so that this is an analogous result to Urysohn’s lemma. O

4. Exercise. Examine the proof of the Riesz theorem and prove the following two statements:
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(a) If By C V; and Ey C Vo, where V; and Vs are disjoint open sets, then pu(E; U Eg) =
w(E7) + u(E2), even if Ey and Eo are not in 9.

(b) If E € Mp, then E = NUK; UKy U---, where {K,} is a disjoint countable collection of
compact sets and p(N) = 0.

Solution. Recall that the definition is u(E;) = inf{u(V) | E; C V, V open}. Note that
Step I of the proof of the Riesz theorem does not use the fact that F; N K € My for every
compact set K. Since this is the only difference between sets in 9 and sets not in 91, the proof
follows just as before, so u(Ey U E2) < pu(Er) + p(E2). Conversely, if Uy and Us are any open
sets containing Fy and Fs, then p(V; NU;) < wu(U;), and (Vi NUy) U (Vo N Us) is an open set
containing Fy U Ey with measure (Vi NUy) + p(VaNUsz) > p(Er) + p(E2). So we conclude also
that pu(Fy U E9) > u(Er) + p(Es), which establishes (a).

Now pick E € Mg, and set £y = E. By Step V of the proof of the Riesz theorem, there is
a compact set K and an open set V; such that K3 € Ey C Vi and p(Vy \ K1) < 1. Then
Ep\ K1 € Mp by Step VI, so set E; = Ep \ K. Inductively, we can find a compact set K, and
open set V,, such that K,, C E,—; C V,, and u(V,, \ K,) < 1/n, and define E,, = E,_1 \ K,.
Then set N = E'\ J,,>; Kn. Then p(N) < 1/n for all n, so u(N) = 0, and we have (b). O

5. Exercise. Let E be Cantor’s familiar “middle thirds” set. Show that m(E) = 0, even though
E and R! have the same cardinality.

Solution. First define £y = [0,1], and inductively define E,, to be the the result of removing
the open middle third of each connected component of E,_1. Then m(E,) = (2/3)"!. Letting
E =(,>0 En, we then get m(E) = 0. However, E contains uncountably many points because
each decimal in base 3 with either no 1’s or exactly one 1 at the end is an element of E. O

6. Exercise. Construct a totally disconnected compact set K C R! such that m(K) > 0.

If v is lower semicontinuous and v < x g, show that actually v < 0. Hence xx cannot be approx-
imated from below by lower semicontinuous functions, in the sense of the Vitali-Carathéodory
theorem.

Solution. Define Ky = [0, 1], and inductively define K, to be K,_; with an open interval of
length 272" removed from the middle of each connected component, then take K = mnzo K,.
Since K, has 2" connected components, we see that

~ 1 i ol 1 — 5o 1
2

=1 =1

som(K) = lim m(K,) = 1/2. Furthermore, K is bounded and closed, since it is the intersection

of closed sets, so K is compact. Finally, K is totally disconnected: if there were a connected
component of K consisting of more than a point, then K contains an interval (a,b) for a < b.
But for n sufficiently large, 272" < b — a, so we have a contradiction. Hence K is also totally
disconnected.

Now let v be a lower semicontinuous function with v < xx. The set of x where v(z) > 0 lies

inside of K and is open, so must be empty, because K has no interior. So v < 0. ]

7. Exercise. If 0 < ¢ < 1, construct an open set E C [0,1] which is dense in [0, 1], such that
m(E) =e.
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Solution. Note that in (Ex. 2.6), we could have replaced 3 with an arbitrary number in (0,1)
(start with a smaller or larger set for Kp). Then we just need to take the complement in [0, 1]
to get the desired example. O

Exercise. Construct a sequence of continuous functions f,, on [0, 1] such that 0 < f,, < 1, such

that
1

lim [ fu(x)dx =0,

n—oo 0

but such that the sequence {f,(x)} converges for no z € [0, 1].

Solution. For a given n, define n functions g, ; fori =0,...,n—1by 9@#’(@ =1lon [%, %] and
define g ;(z) = nz—(i—1) on [=2, L] and g, ;(z) = —naz+i+2 on [2L, 2] and 0 elsewhere.

Then think of g, ; as functions on [0, 1], note that they are continuous. Let {f1, f2,..., } be the
sequence {g1,0,92,0,92,1s-->9n0s--->9nn—1,--- y. Lhen fol gnidr =2/nif 0 <i<n-—1and
otherwise the integral is equal to 3/2n. Hence fol fn(z)dr — 0 as n — oo. However, {f,(z)}
does not converge for any x € [0,1] because there are infinitely many values of n for which
fn(z) =1 and infinitely many values of n for which f,(xz) = 0 for each x € [0, 1]. O

Exercise. Let u be a regular Borel measure on a compact Hausdorff space X; assume pu(X) = 1.
Prove that there is a compact set K C X (the carrier or support of ) such that pu(K) =1 but
w(H) < 1 for every proper compact subset H of K.

Solution. Let K be the intersection of all compact K, such that u(K,) = 1. Each K, is
compact, and hence closed since X is Hausdorff, so K is closed, and hence compact since X is
compact. If K is empty, then there are indices 1,...,n such that K1 N---N K, = & (Theorem
2.6). But then u(K; U---UK,,) > 1, which contradicts that p(X) = 1. Hence K is nonempty.

Let V' be an open set which contains K. Then V¢ is closed and hence compact. Since the K,
are compact, they are closed, so K N V¢ forms an open cover of V¢, and by compactness, we
can write V¢ = (K{U--- K&5) N V¢ Since u(KY{) = 0, this shows that (V) = 0, and hence
1(V) = 1. So all open sets containing K have measure 1, which implies p(K) = 1 since p is
regular. Finally, if H is a compact set properly contained in V', then u(H) < 1. If not, then
u(H) =1, which contradicts the definition of K. O

Exercise. Show that every compact subset of R! is the support of a Borel measure.

Solution. Let K be a compact subset of R', and let 1 be the Lebesgue measure. Define
W (E) = uw(E)/u(K) for every measurable set E. Then u/(K) = 1. Let H be a compact
set properly contained in K. Then K \ H contains an open interval of the form (a,b), and
W (a,b) = (b—a)/u(K) > 0,s0 p/(H) < p(K), and hence K is the support of a Borel measure. [

Exercise. Is it true that every compact subset of R! is the support of a continuous function?
If not, can you describe the class of all compact sets in R' which are supports of continuous
functions? Is your description valid in other topological spaces?

Solution. A point is a compact subset of R!, but cannot be the support of any continuous
function. Any nonzero continuous function f has some real number « in its image, and hence
its support is either all of R!. Otherwise, f contains 0 in its image, and so its support must
contain an open interval f~1(0,a). Restricting to each connected component of Supp f, we see
that each component needs to contain an open interval. Conversely, if K is a compact set with
nonempty interior, it is the support of some continuous function. To construct such a function,
we need only construct it on each connected component, so assume that K is connected. Let ¢
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14.

15.

16.

17.

be a homeomorphism of the interior of K to R'. Then we can define f: R' — R! by z — e_$2,
and we can extend the function f o ¢ to K by defining it to be 0 at the end points of K. It is

clear that the support of this function is K.

However, this description will not carry to general topological spaces, namely because compact
sets need not be closed. For an example, take the indiscrete topology on a set X = {a,b,c}
with open sets {&, {a}, X}. Then {a,b} is a compact set with nonempty interior, but it is not
closed. O

Exercise. Let f be a real-valued Lebesgue measurable function on RF. Prove that there exist
Borel functions g and h such that g(z) = h(x) a.e. [m], and g(z) < f(x) < h(z) for every
r € RE.

Solution. Pick I = (iy,...,ix) € Z*, we will define F on the box By = (i1, i1+1]x- - - X (ig, ip+1].
Let E, be the set f~1((n,n + 1]) N By for all n € Z. Then |f| is bounded on E,, so there exist

compactly supported continuous functions F, ,(x) such that if we define F,, = lim F},,, then
7—00

F, = f a.e. on E, by the corollary to Theorem 2.24. Since continuous functions are Borel
measurable, F), is Borel measurable (Corollary to Theorem 1.14). Finally, define F' on I to be
F,, on the set E,. Then F is also Borel measurable. We repeat for every I € Z" and define a
global function in this fashion. The set where F' and f differ is then a countable union of sets
of measure zero, so f = F' a.e.

Let X = {x | f(x) # F(x)}. We can partition X into measurable sets X,, = (f — F)~'((n,n +
1]) N X. Now define a function ¢: R* — R! by ¢(z) = n if z € X,,, and ¢(z) = 0 if = ¢ X.
Then ¢ is a measurable function. Now define g = F +p and h = F + ¢+ xx. Then we see that
g and h are Borel measurable, that ¢ = h a.e., and that g(z) < f(z) < h(z) for all z € RF. [

Exercise. It is easy to guess the limits of

/On (1—%>nex/2daj and /On (1+%>n672xdx,

as n — 0o. Prove that your guesses are correct.

Solution. Define a function f, to be (1 —2)" /2 on [0,n] and 0 for > n. Then f, — e~*/2
as n — oo, and furthermore, e%/2 > |f,(2)| for all n, and e=*/2 € LY(R'). So by Lebesgue’s
dominated convergence theorem,

lim fndx = / e dx = 2,
0

n—oo 0

and the left-hand side is the first limit to compute. By similar considerations, the second integral

is -
/ e Pdr=1. 0O
0

Exercise. Why is m(Y') = 0 in the proof of Theorem 2.20(e)?

Solution. In this case, Y lies in a proper linear subspace of R¥. It is easy to see that the
measure of a proper linear subspace must be 0 because we can take arbtrarily thin open sets
that contain the subspace. O

Exercise. Define the distance between two points (z1,y1) and (z2,y2) in the plane to be

ly1 —yo| ifx1 =m2, 1+ |y1—y2| if z1 # 2o
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Show that this is indeed a metric, and that the resulting metric space X is locally compact.

If f e Cu(X),let x1,...,2, be those values of = for which f(x,y) # 0 for at least one y, and

define .
AF=S :/ F(ayy) dy.
j=17 00

Let © be the measure associated with this A by Theorem 2.14. If E is the z-axis, show that
u(E) = oo although u(K) = 0 for every compact K C E.

Solution. Let p be the metric defined. It is obvious that p(x,y) > 0 for all z,y, and that
p(x,y) = 0 if and only if z = y. It is also obvious that p(z,y) = p(y,x). We just need to verify
the triangle inequality. Let oo = (x1,41), 8 = (x2,y2), and v = (z3,y3). Then

ple,y) <1+ Jyr —ws| <lyr — gl + 1+ [y2 — y3| < pla, B) + p(5,7),

so p is a metric. Note that a set under p is open if and only if its intersection with each vertical
line is open when considered as a copy of R'. Every point in the plane has an open neighborhood
in its vertical line whose closure is compact when thought of as a set in R'. But each vertical
line is closed since it is the complement of the other vertical lines, so the closure of such a
neighborhood is the same as the closure when considering it as a subset of R!. So X is locally
compact.

Note that if f € C.(X), then the values of = for which f(x,y) # 0 for at least one y must be
finite because any collection of vertical lines is open, and hence only a finite union of vertical
lines can be compact. The fact that A is a linear functional follows from the fact that one could
sum over all z € R! and not change the value of A, and the fact that the integral is a linear
functional. Also, Af < oo because f is compactly supported, and such a compact set in X is a
union of closed sets in finitely many vertical lines.

Now let E be the x-axis. Any open set V containing F must contain a segment of the form
((z, =d(x)), (x,6(x))) for each z € R! where §(x) > 0. To show that u(E) = oo, it is enough to
show that the open set Us = {(z,y) | —d(z) < y < §(z)} has infinite measure for all arbitrary

functions 6: R' — R1>0. To see this, consider the sets X; = [1,00), and X,, = [%, ﬁ) for

n=2,3,.... Then for all x € R!, §(z) lies in some set. Since we have countably many sets, and
R! is uncountable, there is some set X; such that 6 ~!(X;) is infinite. In particular, let 21, zo, ...
be distinct values inside of X;. Then for each n, we can find a compactly supported continuous
function f that is 1 for points of the form (x,y) where z € {z1,...,z,} and —d0(z)/2 < y <
§(x)/2. Then Af > &. In particular, as n — oo, this shows that u(Us) = oo, so u(E) = oo.

However, every compact set K contained in E must be a finite set of points {(x1,0),..., (z,,0)},
so w(K) = 0 necessarily because for all n, the set U, = {(z,y) |z € {z1,..., 2}, -2 <y <1}
contains K and has measure u(U,) = r/n. O

Exercise. Find continuous functions f,: [0,1] — [0, 00) such that f,(z) — 0 for all = € [0, 1]
as n — oo, fol fn(z)dx — 0, but sup,, f, is not in L.

Solution. For each n, define n? functions g, : R! — [0,00) for r =0,...,n%— 1 by g, (v) =n
on [, 58], () = (i 1) on (14 ), an g, () = (52 k) on [£22, 5], Then

1 .
fo Gnr(z) da < % Letting the sequence { f1, f2,..., } be {91,0,92,0,- -, 923, -, 9n,05 - - » Gnn2—15 - - -

we get fol fn(x)dz — 0, and sup,, f,, = oo, so is not L. O

|2
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22.

24.

Exercise. If X is compact and f: X — (—o0, 00) is upper semicontinuous, prove that f attains
its maximum at some point of X.

Solution. The sets f~((—o0,)) are open for all & € R, so by compactness, there are finitely
many that cover X, and hence f is bounded. In particular, we only need to take one such set.
Now let a = sup{f(z) | x € X}. We claim that f(x) = « for some x € X. If not, then we can
find some sequence a,, such that 0 < a —a,, < L. In particular, the sets f~!((—o0, a — 1)) cover
X, and there is no finite subcover, which is a contradiction. Hence f attains its maximum at
some point of X. O

Exercise. Suppose that X is a metric space, with metric d, and that f: X — [0, 00| is lower
semicontinuous, f(p) < oo for at least one p € X. Forn =1,2,3,...; z € X, define

gn(x) = inf{f(p) + nd(z,p) | p € X}

and prove that

(1) lgn(@) = gn(y)| < nd(z,y),
(i) 0<g<g<--<f,
(iii) gn(z) — f(x) as n — oo, for all x € X.

Thus f is the pointwise limit of an increasing sequence of continuous functions.

Solution. Pick z,y € X and p € X with f(p) < co. Without loss of generality, suppose that
gn(y) > gn(az) We have

nd(z,y) = nd(y,p) — nd(z,p) = nd(y,p) + f(p) — nd(z,p) — f(p) = gn(y) — gn(),
so this shows (i).
It is clear that g1 > 0. Also, f(p)+nd(z,p) = f(p)+(n—1)d(z,p) = gn-1(2), 50 gn—1(x) < gn(x)
for all z. Furthermore, if f(z) = oo, then f > g, for all n. Otherwise, g,(x) = f(x) by taking
p=uxz,s0 f > g, for all n in this case, too. So (ii) is established.
Again, if f(xz) = oo, then d(x,p) > 0 for all p with f(p) < oo, so gn(z) — o0 as n — 0.
Otherwise, gn(x) = f(x) for all n, so in both cases we have g, — f as n — oc. O

Exercise. A step function is, by definition, a finite linear combination of characteristic functions
of bounded intervals in R!. Assume f € L!'(R!'), and prove that there is a sequence {g,} of

step functions so that
o

lim |f(x) — gn(x)|dx = 0.

—
n—oo | _

Solution. Let g, = Z?:Q_ng f(i)X[iﬂﬂ}‘ One can partition R! with sets FE, for r € Z where
r < f(z) <r+1for z € E,. For angi\?en r, for n sufficiently large, on each the subintervals of
length we can bound |f(z) — gn(x)| on their intersection E, by an error directly proportional to r
and inversely proportional to n. We omit the precise details. Since [ |f|dz < oo, the expression

Sn:/ |f|dm+/ f|dz — 0
—0o0 n

as n — oo. Hence for a given €, we can choose n large enough so that S,, < ¢, and also so that
J" . |f — gldx < e. This is enough to guarantee that [ |f — g|dz < 2¢ by noting that

sn</ rf—g|dm+/ f — glda.

—00
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From this it is clear that the limit of the integral above is 0. O
25. Exercise.

(i) Find the smallest constant ¢ such that
log(l+e') <c+t (0<t<o0).

(ii) Does
1 1
lim / log(l—i-e"f(x))dx
0

n—oo n
exist for every real f € L'? If it exists, what is it?
Solution. Since exp is an increasing function, log(1 + e') < ¢ +t becomes 1 + e! < e“™| from
which we divide by e to get e™* + 1 < e°, and finally, we apply log (which is an increasing

function) to get log(e™* + 1) < c¢. The left-hand side is decreasing with ¢, so the smallest c
satisfying this inequality is lim; o log(e™ + 1) = log 2.

Let X C [0,1] be the set where f(x) > 0. This implies

/log(1+e"f(x))da:§/(log2+nf(x))d:r:log2+/ nf(x)dz,
X X b's

so as n — oo, the integral becomes [y f(z)dz since the left-hand side increases toward the
second term as n — oo, and the integral approaches 0 on [0, 1] \ X as n — oo. O

3 LP-Spaces

1. Exercise. Prove that the supremum of any collection of convex functions on (a, b) is convex on
(a,b) (if it is finite) and that pointwise limits of sequences of convex functions are convex. What
can you say about upper and lower limits of sequences of convex functions?

Solution. Let {f,} be a collection of convex functions on (a,b), let f = sup, fa, and assume
that f is finite. Pick A € [0,1] and z,y € (a,b). Then for all o, we have

(1 - )‘)f(x) + /\f(y) > (1 - )‘)foc(x) + )‘fa(y) > foe((l - )\)1‘ + )‘y)'

So by definition of supremum, we conclude that (1 — A)f(z) + Af(y) > f((1 — Az + Ay), and
hence f is convex.

Now let {f,} be a sequence of convex functions that converges pointwise to f. Pick A € [0, 1]
and z,y € (a,b). Since

(=X fn() + Afuly) = (1 = M) f(x) + Af(y)

and
(L =Nz + Ay) — f((1 =Nz + Ay)

as n — 0o, and we have

(1 - )‘)fn(x) + )‘fn(y) > fn((l - )‘)x + )‘y)



3 LP-SPACES 13

10.

11.

for all n, we conclude that

(1 - )‘)fn(x) + )‘fn(y) > fn((l - )\)J} + Ay),

so that f is convex.

Now consider the sequence of functions on (0,2) defined by f,(z) = x if n is even and f,(z) =
2 — z if n is odd. Then the lower limit f is defined by f(z) = if z € [0,1] and f(z) =2 — z if
x € [1,2], and this is not convex: pick z =1/2, y = 3/2, A = 1/2. Then f(x)/2+ f(y)/2 =1/2,
but f(1) = 1. So we conclude that the lower limit of a sequence of convex functions need not
be convex.

However, the upper limit of convex functions will be convex. The proof is similar to the proof
for pointwise convergent functions, except that we use that for any € > 0, there exist infinitely
many values of n (rather than all sufficiently large n) for which (1 — ) f,(z) + Afn(y) is within
e of (1 —=A)f(z)+ Af(y), and similarly for f,,((1 — Az + Ay) and f((1 — Nz + Ay). O

. Exercise. If ¢ is convex on (a,b) and if 9 is convex and nondecreasing on the range of ¢, prove

that v o ¢ is convex on (a,b). For ¢ > 0, show that the convexity of log ¢ implies the convexity
of ¢, but not vice versa.

Solution. Pick A € [0,1] and =,y € (a,b). Then (1 — N)p(z) + Ae(y) > (1 — Nz + A\y), and
since 1 is convex and nondecreasing,

(1= N(p(x) + A (p(x)) = P((1 = Ne(@) + Ap(y)) = P(e((1 = Az + Ay)),

so 1o is convex on (a, b). For ¢ > 0, the convexity of log ¢ implies the convexity of exp o log p =
 since exp is a nondecreasing and convex function. However, the converse is not true: the
identity function x is convex, but log z is not convex. O

Exercise. Assume that ¢ is a continuous real function on (a,b) such that

¢ (13Y) < et + 5o

for all z,y € (a,b). Prove that ¢ is convex.

Solution. Pick A € [0,1] and z,y € (a,b). Without loss of generality, assume that ¢(y) > ¢(z).
By repeated iterations of the above inequality, if A is a rational number whose denominator is a
power of 2, then we can conclude that ¢((1 — X)z + Ay) < (1 — X)p(x) + A\y. The general case
follows by continuity of ¢: we can arbitrarily approximate ¢((1 — N)x + Ay) by ¢((1 —r)x +ry)
where r is some rational number whose denominator is a power of 2, and we can choose r such
that (1 —r)p(z) +re(y) < (1= A)e(z) + Ae(y). O

Exercise. Suppose f, € LP(u), for n = 1,2,3,..., and ||f, — f|[, — 0 and f, — g a.e., as
n — oo. What relation exists between f and g7

Solution. Since ||f, — f||, — 0, we know that f, — f a.e. Let E be the set where lim f,, # ¢
and let F' be the set where lim f,, # f. Then f = g except possibly on FU F’, which has measure
0. Hence f = g a.e. O

Exercise. Suppose 1(2) = 1, and suppose f and g are positive measurable functions on 2 such

that fg > 1. Prove that
/fdu~/gdu21.
Q Q
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Solution. By Holder’s inequality with p = q¢ = 1, we get

/Qfdu-/ggd,u>/Qfgdu>/91du:u(ﬂ):1. O

Exercise. Suppose 1(2) =1 and h: Q — [0, o0] is measurable. If

/hdu,

V1+A2§/\M+h%m§1+A.
Q

If u is Lebesgue measure on [0,1] and h is continuous, h = f’, the above inequalities have a
simple geometric interpretation. From this, conjecture (for general ) under what conditions on
h equality can hold in either of the above inequalities, and prove your conjecture.

prove that

Solution. The function ¢(z) = V1 + 22 is a convex function because its second derivative

ﬁi% is always positive. Hence the first inequality follows from Jensen’s inequality. The

second inequality is equivalent to [,(vV1+h? —1)dp < [, hdu since p(2) = 1. This new
inequality follows from the fact that v/1 + 22 < x + 1 for all nonnegative x. To see this, square
both sides to get 1 + 22 < a2 + 2z + 1.

In the case that Q = [0,1] and p is the Lebesgue measure, and h = f’ is continuous, then
fol V14 (f")2dp is the formula for the arc length of the graph of f. Then A = f(1) — f(0), and
the second inequality says that the longest path from (0, f(0)) to (1, f(1)) is following along the
line y = f(0) from z = 0 to x = 1, and then going up the line z = 1 until y = f(1). And V1 + A2
is the length of the hypotenuse of the right triangle whose legs are the path just described, so
the first inequality says that the straight path is the shortest path.

The intuition from this suggests that the second inequality is equality if and only if h = 0 a.e.,
and the first inequality is equality if and only if h = A a.e. The first claim is easy to establish,
we go back to the above discussion and note that v1+ 22 < x + 1 if 2 > 0. If h is constant
a.e., then trivially the first inequality holds. Conversely, if /1 + A2 = fQ V1 + h?dp, then an
examination of the proof of Jensen’s inequality, namely equation (3), shows that ¢(A) = ¢(h(x))
a.e., so h = A a.e. since ¢ is injective on [0, 00). O

Exercise. Under what conditions on f and g does equality hold in the conclusions of Theorems
3.8 and 3.97 You may have to treat the cases p = 1 and p = oo separately.

Solution. The inequality in question for Theorem 3.8 is

Ifglle < 1 1pllgllq

for p and ¢ conjugate exponents. If 1 < p < oo, this is Holder’s inequality, so assuming that
both quantities are finite, we know that equality holds if and only if there are constants « and
B3, not both 0, such that af? = g7 a.e. If p = oo, then |f(z)g(z)| = ||f|loo]g(x)| holds if and
only if for all x, either g(z) =0 or f(z) = || f|lcc- The case for p =1 is analogous.

For Theorem 3.9, we are interested in the inequality

1+ gllp < I f1lp + [lgllp-
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For 1 < p < oo, this follows from Minkowski’s inequality. Examining the proof of Minkowski’s
inequality, this has equality if and only if equality is obtained for f and f + g in Hoélder’s
inequality and is obtained for g and f + g. In the case p = co or p = 1, this is the inequality
|f+9g] <|f|l+|gl, and this obtains equality if and only if f and g are nonnegative functions. [J

Exercise. Suppose {a,} is a sequence of positive numbers. Prove that

00 1 N p » p O
> (v e) < (%) T
N=1 n=1 n=1

if 1 <p<oo.

Solution. Set f =3 - anXjnnt1)- Then f € LP if and only if >, -, ah < oco. If f ¢ LP, then
the above inequality trivially holds. Otherwise, we can use (Ex. 3.14(a)) to get || F'|[, < p%l | f1lp,
where

1 (&
F(z) = - Y an+ (@ = [z))ant
n=1

If we assume that a, > a,+1 for all n, then this inequality implies the desired inequality by
noting that F([z]) < F(x).

In the general case, note that the right-hand side stays the same if we rearrange the a, to be
nondecreasing since the a, are positive and hence the sum is absolutely convergent. Among
all permutations of the sequence {a,}, the sum on the left-hand side is biggest when they are
nondecreasing because the earlier terms appear more often. Hence we deduce the general case
from the nondecreasing case. O

Exercise. Prove Egoroff’s theorem: If (X)) < oo, if {f,} is a sequence of complex measurable
functions which converges pointwise at every point of X, and if € > 0, there is a measurable set
E C X, with u(X \ E) < ¢, such that {f,} converges uniformly on E.

Show that the theorem does not extend to o-finite spaces.

Show that the theorem does extend, with essentially the same proof, to the situation in which
the sequence {f,} is replaced by a family {f;}, where ¢ ranges over the positive reals; the
assumptions are now that, for all z € X,

() Jim fi(x) = /(@) and
(ii) t — fi(x) is continuous.

Solution. Define

S(n.k) = () {z € X | fi(z) = f(@)| < 1/k}.

2, >N

For each k, note that S(n,k) C S(n + 1,k), and that |J,,~, S(n,k) = X by our assumptions
that the f, converge pointwise. Hence u(S(n,k)) — u(X) as n — oco. So for € > 0, we can
find ny, for each k such that pu(S(ng,k)) > u(X) —e/2. Then take E = ()~ S(nk, k). Note
that p(E) > u(X) —¢/2, so u(X \ E) < . Also, by definition, {f,,} will converge uniformly
on E because for every £ > 0, there is a k such that 1/k < e, and then every = € E satisfies
|fi(x) — fi(x)] < 1/k for all i, j > ny.
If we drop the condition that ;(X) < oo and replace it with X is o-finite, the conclusion does not
necessarily hold. For an example, take X = R! with the Lebesgue measure. Then the functions
fn(x) = z/n converge pointwise to 0, but cannot converge uniformly on any unbounded set.
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For the extension to functions { f;} as ¢t ranges over positive real numbers, we can make the same
definitions, and now we just used that t — f;(x) is continuous for all x to find the ny used in
the above proof. ]

Exercise. Call a metric space Y a completion of a metric space X if X is dense in Y and Y
is complete. In Sec. 3.15 reference was made to “the” completion of a metric space. State and
prove a uniqueness theorem which justifies this terminology.

Solution. We claim that if (Y,d) and (Y’,d’) are both completions of a metric space X, then
Y and Y’ are isomorphic metric spaces. More precisely, there exists bijective maps f: Y — Y’
and g: Y/ — Y which preserve the metric, i.e., d(z,y) = d'(f(z), f(y)) for all z,y € Y, and such
that f and g are inverses of one another.

So suppose that X can be embedded in both Y and Y’ and identify these two images. We
define f as follows. If y € X, then f(y) = y. Otherwise, choose a sequence {x,} where z,, € X
that converges to y. Then define f(y) to be the limit of this sequence in Y’. This makes sense
since X is dense in Y and since Y’ is complete. That it is well-defined is a consequence of the
uniqueness of limits. We can define ¢g: Y/ — Y in an analogous manner. From our definition it
is obvious that f and g are inverses of one another. Also, note that both f and g are continuous
since they preserve limits.

We just need to check that f and g preserve the metrics. By symmetry, it is enough to do so for
f. Pickz,y e Y. If x,y € X, then d(z,y) = d'(f(x), f(y)) by our identification of the image of
X inbothY and Y. If x € X and y ¢ X, then let {x,} be a sequence converging to y. We then
have d(z,z,) = d'(f(z), f(zy)) for all n, so by continuity of the function z — d'(f(z), f(2)),
and taking n — oo, we see that d(x,y) = d'(f(x), f(y)). The case ¢ X and y € X is handled
by the symmetric property of metrics. Finally, suppose that 2 ¢ X and y ¢ X. We can show
that the metric is preserved in this case by taking a double limit instead of a single limit in the
previous argument. Hence we have shown that Y and Y’ are isomorphic. ]

Exercise. Suppose X is a metric space in which every Cauchy sequence has a convergent
subsequence. Does it follow that X is complete?

Solution. Let {z,} be a Cauchy sequence in X with a convergent subsequence {z,, } with limit
x. We claim that x is the limit of {z,}. Pick € > 0. Then there exists N such that n,m > N
implies that d(xy,, x,) < €/2, and there exists I such that ¢ > I implies that d(z, z,,) < e. Then
for n sufficiently large, there exists i such that d(z,z,) < d(z,zn,) + d(zn,, zn) < £, so we are
done. Hence X is complete. O

4 Elementary Hilbert Space Theory

Notation. In this section, H denotes a Hilbert space, and T' denotes the unit circle.

1.

Exercise. If M is a closed subspace of H, prove that M = (M=*)+. Is there a similar true
statement for subspaces M which are not necessarily closed?

Solution. The inclusion M C (M*)* is obvious. Conversely, pick = € (M+)+. We can write
r =y+zwherey € M and z € M+ (Theorem 4.11(a)). Since 0 = (x, 2) = (y,2)+(2,2) = (2, 2),
we conclude that z = 0, so € M. Hence M = (M+)+.

Now suppose M is not necessarily closed. Then one can conclude that M L= (MH)H)* because
M+ is a closed subspace of H. Also, one can say that M = (M), Indeed, M C (M1)+, and
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(M4t is a closed set, so M C (M=+)L. On the other hand, if z € M=, then x € M because
y — (y,z) is a continuous map. O

2. Exercise. Let {z,, | n=1,2,3,...} be alinearly independent set of vectors in H. Show that the
following construction yields an orthonormal set {u,} such that {x,...,zx} and {u1,...,un}
have the same span for all N.

Put uy = x1/||z1]|. Having uq, ..., u,—1 define
n—1
On = = 3 (T, u)us, i = v /||va].
i=1

Note that this leads to a proof of the existence of a maximal orthonormal set in separable Hilbert
spaces which makes no appeal to the Hausdorff maximality principle.

Solution. It is obvious from the definition, that ||u,| = 1 for all n. Now we need to show
orthogonality, and we do showing that (un,u,,) = 0 for m < n by induction on n. If n = 1,
there is nothing to show, so pick n > 1. Then we will show that (uy,u,;,) = 0 for all m < n
by induction on m. Since they u, and v, differ only by scalars, it is enough to show that
(Un, um) = 0. We get

n—1

(U, Up) = <1:n - Z(mn,ul)ul,um> = (T, Um) — (Tn,Um) =0

i=1
since (u;, upy,) = 0 for i < n.

It is clear that {x1,...,zxN} lies inside of the span of {uy,...,un} for each N by definition of
the u;. Since u; = x1/||z1]|, we can inductively build up the set {u1,...,uy} from {z1,...,2x5}
also by the definition of the u;.

If H is separable, then there is a countable dense subset for H, from which we can extract an
at most countable basis for it. Doing the above transformation, we may assume that this basis
is orthonormal. Then by Theorem 4.18, we know that it is a maximal orthonormal basis for
H. O

4. Exercise. Show that H is separable if and only if H contains a maximal orthonormal system
which is at most countable.

Solution. If H is separable, then H contains a maximal orthonormal system which is at most
countable by (Ex. 4.2). Conversely, suppose that H contains a maximal orthonormal system
which is at most countable. Then the subspace spanned by this basis is dense by Theorem 4.18,
and must be countable, since it consists of finite linear combinations of an at most countable
set, so H is separable. ]

5. Exercise. If M = {z | Lz = 0}, where L is a continuous linear functional on H, prove that
M+ is a vector space of dimension 1 (unless M = H).

Solution. By Theorem 4.12, there is a unique y € H such that Lz = (z,y) for all z € H. We
claim that M+ = N, where N is the subspace spanned by y. Indeed, the N is closed because
any sequence in this subspace consists of multiples of y, and hence can only converge to some
multiple of y. Then N = (N+)* by (Ex. 4.1), and N+ = M. In the case that M # H, y # 0,
so dim N = 1, and we are done. ]
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Exercise. Suppose {a,} is a sequence of positive numbers such that > a,b, < oo whenever
b, >0 and Y b2 < co. Prove that > a2 < oo.

Solution. Suppose that Y a2 = oo. Then one can find an infinite number of disjoint sets

FEq,E5,... such that Sy = ZnGEk a,% > 1. Now put ¢ = k\/lsj’ and define b, = cra, when
n € Ei. Then
Sk 1
doanbn =) ok Y A=) =2 =00
n>1 k>1  neEy E>1 kv Sk E>1 k
but
P2 — 2 2 L m°
D=D D dan=) 5=
n>1 k>1neEy k>1
which contradicts our hypothesis on {a,}, and hence }_ a2 < oco. O

Exercise. If H; and Hy are two Hilbert spaces, prove that one of them is isomorphic to a
subspace of the other.

Solution. Let A; and As be the cardinalities of maximal orthonormal bases #; and (G2 of both
Hy and Hy. Then either A; < As or Ay < Ay. Without loss of generality, suppose that A1 < As.
Then we can find a subset of B with cardinality Ay, and let H be the closure of the subspace
generated by this subset. Then H is a Hilbert space that has a maximal orthonormal basis of
cardinality A;, so we can find an isomorphism from H; to H. O

Exercise. Let n; < ng < ng < --- be positive integers, and let F be the set of all z € [0, 2] at
which {sinngz} converges. Prove that m(E) = 0.
Solution. Let f(z) = klim sinngz on E. From the relation 2sin? o = 1 — cos 2a, we see that
— 00
2f(x)> =1 - klim cos 2ngx. The integral of the right-hand side is 0 by (Ex. 4.9), so 2f(x)? = 1
— 00
a.e. on E, and hence f(z) = :t% a.e. on E. Let Fj be the set where f(z) = % and let Fy be
the set where f(z) = —%. Using (Ex. 4.9) again, we have
m(En)
\/§ 3

so we conclude that m(FEy) = 0. Similarly, m(FE3) = 0, and so m(E) = m(Ey) + m(E2) =0. O

0= [ 1=
Eq

Exercise. Find a nonempty closed set E in L?(T) that contains no element of smallest norm.

Solution. Let u,(t) = ™ and define z, = ”Tﬂun for all positive integers n. Then the set

X = {x1,x2,...} contains no element of smallest norm. For n # m,

n+1+m+122

|Zn = Zm|l = |Zall + 2w =

because the z, form an orthogonal set. If z is a limit point of the sequence {x,,}, then for

€ > 0, and for sufficiently large i, ||z — || < &. But [[zn; — 2, || = |2 — 2p, — (. — p,)|| <
|2 — Zn || + [z — ;]| < 2¢, which is a contradiction for ¢ < 1/2 if i # j. Hence {z,,} is a
constant sequence, which means that X is closed. ]

Exercise. If zg € H and M is a closed linear subspace of H, prove that

min{||z — ol | & € M} = max{|(z0,)| | y € M*, [lyl| = 1}.
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Solution. By Theorem 4.11, we can write xg = Pxg + Qx¢ where Pxg € M and Qxg € M+,
and furthermore, that ||Pxg — xo|| = min{||x — z¢|| | z € M}. We claim that y = Qzo/||Qxo||
maximizes the quantity |(xo,y)| where y € M+ and |y|| = 1. Pick ' € M+ such that ||y/|| = 1.
Then

[(z0, ") = [(Qo,y")| = |Qoll|(y,¥")] < [|Qol,

where the last inequality is the Schwarz inequality. But |(zo,y)| = ||Qz0o||, so we have proved
our claim. Finally, ||Qz|| = ||Pxo — 2ol|, so we have established the desired equality. O

Exercise. Show that there is a continuous one-to-one mapping ~ of [0,1] into H such that
v(b) — 7(a) is orthogonal to v(d) — v(c) whenever 0 < a < b < c¢<d < 1. (v may be called a
“curve with orthogonal increments.”)

[ T think this is to be interpreted as there exists some Hilbert space H such that this is true,
because this is impossible for H = R!. ]

Solution. Take H = L*([0,1]), and define v(a) = x9,q)- This is clearly continuous and injective,
and furthermore, v(b) — v(a) = Xx(q,5) Whenever a < b. So in the case that a < b < ¢ < d, we

have (X(a,0)» X(c,d)) fo X(a,b] X (c.d dt = 0 since the integrand is 0. If a = b, then v(b) —v(a) = 0,
so the orthogonahty relation is obvious (similarly if ¢ = d). O

Exercise. Define u(t) = €™’ for all s € R!, t € R!. Let X be the complex vector space
consisting of all finite linear combinations of these functions us. If f € X and g € X, show that

A
(f.9)= Jim oo [ tyg@a

exists. Show that this inner product makes X into a unitary space whose completion is a
nonseparable Hilbert space H. Show also that {us | s € R'} is a maximal orthonormal set in
H.

Solution. To show that (f, g) is well-defined, it is enough to do so when f = u, and g = u; for
r,s € R In this case, for r # s,

A isin((s —r
(ur,us) = lim 1/Acos((s—r)t)—|—isin((s—r)t) dt:Ahf;OQ 2A(((s—r))A) =0.

For r = s, we get

rur) = 1 dt_l

so this shows that (f, g) is well-defined, as well as showing that {us | s € R!} is an orthonormal
set.

Now we verify that this is an inner product structure on X. By definition, it is clear that
(f?g) = g7f7 and by linearity of integrals, (fl + f27g) = (flvg) + (f27g)7 and (Oéf,g) = a(fv g)
for « € C. Since f(x)f(x) = |f(x)|?, it follows that (f, f) > 0, and that (f, f) = 0 implies that
f=0a.e. on R!, but since f is a finite linear combination of exponential functions, this implies
f =0. Hence X is a unitary space.

Now let H be the completion of X. Since X is dense in H, it follows that {us | s € R'}
is a maximal orthonormal set in H by Theorem 4.18. If H were to have a countable dense
subset, then one could find a countable basis for H, which contradicts the fact that we have an
uncountable orthonormal set. Hence H is a nonseparable Hilbert space. O
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2mi /N

19. Exercise. Fix a positive integer N, put w = e , prove the orthogonality relations

N .
1 1 ifk=0
N 7~ 0 iflI<kE<N-1
and use them to derive the identities

N
1
(z,9) = 5 D o+ "y|Pw"

n=1

that hold in every inner product space if N > 3. Show also that

™
(2.9) = 5 /W o+ eiy|2e? db.
Solution. The identity % ZnN:1 w® =1 is obvious. If k is relatively prime to N, then the sum
27]2[21 w™ is the sum of all primitive Nth roots of unity, which is 0 for N > 1, and otherwise, if
k is not relatively prime, then the sum is k times the sum over all primitive %th roots of unity,
which is also 0.

To show the second identity, expand the right-hand side:

1 N

N

1

N Z |z + W™y Pw™ = N (z + W'y, +wy)w"
n=1 n

I
—_

using the first identity.

The last identity is obtained by taking the limit as N — oo of the sum on the right-hand side
of the second identity. The result is the Riemann integral % /_ 7; |z 4 e?y||2e® df. Of course,
since the left-hand side of the second identity is independent of N, we get the desired result. [
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